We prove that the Einstein-Israel-Stewart equations, describing the dynamics of a relativistic fluid with bulk viscosity and nonzero baryon charge (without shear viscosity or baryon diffusion) dynamically coupled to gravity, are causal in the full nonlinear regime. We also show that these equations can be written as a first-order symmetric hyperbolic system, implying local existence and uniqueness of solutions to the equations of motion. We use an arbitrary equation of state and do not make any simplifying symmetry or near-equilibrium assumption, requiring only physically natural conditions on the fields. These results pave the way for the inclusion of bulk viscosity effects in simulations of gravitational-wave signals coming from neutron star mergers.
1.
Introduction. The recent detection of a binary neutron star merger using gravitational waves [1] and electromagnetic signals [2] marked the dawn of the multi-messenger astronomy era [3] . Such events are expected to provide key information about the properties of matter at extreme densities and temperatures [4] , as the density of the inner region of the object left over after the merger can be several times larger than the nuclear saturation density (∼ 0.16 fm −3 ) while still subject to temperatures of the order of tens of MeV.
Even though the properties of the equation of state of the highly dense matter formed after the merger are still uncertain, for many years it was assumed that this system could be reasonably described as an ideal fluid (coupled to Einstein's equations) since the time scales for viscous transport to set in were previously determined [5] to be outside the ten millisecond range, which is the typical time scale associated with damping due to gravitational wave emission. These estimates were recently revisited in [6] using state-of-the-art merger simulations where it was concluded that, while neutrino-driven thermal transport and shear dissipation remain unlikely to affect the post-merger gravitational wave signal (unless turbulent motion occurs), damping of high-amplitude oscillations due to bulk viscosity is likely to be relevant if direct Urca processes remain suppressed. Therefore, bulk viscosity is expected to play an important role in gravitational wave emission and, as such, it should be taken into account and thoroughly investigated in merger simulations.
However, as stressed in [6] , the effects of bulk viscosity have not yet been included in merger simulations because this requires a formulation of relativistic fluid dynamics including bulk viscosity that is compatible with the underlying causality property of relativity theory in the strong nonlinear regime probed by the mergers.
In this letter we solve this issue by proving that the equations of motion of Israel-Stewart (IS) type [7] [8] [9] , describing a relativistic fluid with bulk viscosity and baryon charge (without shear viscosity or baryon diffusion) dynamically coupled to gravity, are causal in the full nonlinear regime when
where ζ = ζ(ε, n) is the bulk viscosity, τ Π is the bulk relaxation time, Π is the bulk scalar, ε is the energy density, P = P (ε, n) is the equilibrium pressure defined by the equation of state, and n is the baryon density. Requirement (1) is a simple nonlinear generalization of the known condition ensuring the linear stability of the IS equations around equilibrium. In fact, we note that near equilibrium, where |Π/(ε + P )| ≪ 1, and at zero baryon density where the speed of sound squared is c
s , which is the standard condition for causality and stability in the linearized regime around equilibrium [10] [11] [12] .
We also show how to express the equations of motion of this Einstein-Israel-Stewart (EIS) theory describing the bulk viscous relativistic fluid coupled to gravity as a first-order symmetric hyperbolic (FOSH) system. This immediately implies local existence and uniqueness of its solutions, and sets the equations in a form for which known numerical algorithms can be applied [13, 14] . Our results remain valid if one considers solely the IS equations in a fixed (e.g., Minkowski) background. To the best of our knowledge, this is the first time that such statements (causality, local existence, uniqueness) have been proven for IS theory in the nonlinear regime.
We use natural units c = = k B = 1. Our convention for the spacetime metric is (− + ++). Greek indices run from 0 to 3, Latin indices from 1 to 3.
2. The EIS theory. IS theories of relativistic fluid dynamics [7] [8] [9] were proposed decades ago as a way to solve the long-standing acausality and instability problem of the relativistic Navier-Stokes (NS) equations [15, 16] . The basic idea is that a dissipative current such as the bulk scalar Π does not instantaneously take its NS form Π N S = −ζ∇ µ u µ (where u µ is the fluid 4-velocity which obeys u µ u µ = −1) during the fluid evolution; rather, Π obeys a relaxation-type equation that describes how it may relax to Π N S within the relaxation time scale τ Π . While such theories were originally [8] derived by imposing the second law of thermodynamics for a judicious choice of the out-of-equilibrium entropy density, their modern incarnations focus on moment expansions in relativistic kinetic theory [17] or effective theory/resummation arguments [18] that are still applicable at strong coupling [19] . The approaches differ on the type of terms appearing in the equations of motion for the dissipative currents and also on the value of their transport coefficients 1 . With applications to neutron star mergers in mind, here we only consider the dissipative effects coming from bulk viscosity. The fluid energymomentum tensor is given by T µν = εu µ u ν + (P + Π)∆ µν , where ∆ µν = g µν + u µ u ν is the projector orthogonal to u µ and g µν is the spacetime metric. Using u µ u µ = −1, energy-momentum conservation, ∇ µ T µν = 0, is equivalent to the equations
where we used that ∇ µ P = α 1 ∇ µ ε + α 2 ∇ µ n with 1 In kinetic theory the value of the transport coefficients depends on the approximation scheme used to derive the hydrodynamic equations of motion. See, e.g., [17, 20] . . Those are supplemented by the relaxation equation for the bulk scalar
where λ = λ(ε, n) is a transport coefficient. While it is possible to include other terms in the bulk channel [17] , the equation above contains the essential terms for our discussion: τ Π is associated with causality, λ parametrizes the presence of nonlinear terms that do not contain derivatives of the fields, and the term ζ∇ α u α ensures that the NS limit can be recovered. We also include a non-zero baryon current J µ = n u µ , whose conservation gives (our results can be easily adapted for n = 0)
The fluid is dynamically coupled to gravity via Einstein's equations
where R µν is the Ricci tensor, R = g µν R µν , Λ is the cosmological constant, and G is Newton's gravitational constant. Equations (2), (3), (4), (5), and (6), with u µ u µ = −1, define the EIS theory.
2.1. Causality. Causality is roughly the idea that no information propagates faster than the speed of light. This concept lies at the core of relativity theory. Thus, the dynamics of the fluid sector must be compatible with it. Despite its importance, causality has not been established in the nonlinear regime of the IS theory (see [21] [22] [23] a discussion). While causality is known to hold in ideal relativistic hydrodynamics at the nonlinear level [24] [25] [26] [27] , only statements valid in the linearized regime around equilibrium are known for the IS theory [10, 11, 15, 28] . Attempts to go beyond the linear regime, although restricted to 1 + 1 dimensions or assuming very strong symmetry conditions, and in flat spacetime, appeared, respectively, in [10] and [29] (compare (1) with the causality condition found in [10] ). Thus, a general proof of causality of the IS system (coupled to gravity) is so far lacking. This is proved in:
α , Π, n, g αβ ) be a solution to the EIS equations defined on a globally hyperbolic spacetime M , and let Σ be a Cauchy surface. Suppose ζ τΠ(ε+P +Π) + α 1 + α2 n ε+P +Π ≥ 0 and that (1) holds. Then, for any p ∈ M in the future of
is the causal past of p and κ is the extrinsic curvature of
Theorem 1 is proved in the appendix. Here, we discuss its significance. Theorem 1 gives a precise mathematical formulation of the statement that faster-than-light signals are absent in the EIS system. The concept of causality is properly formulated in globally hyperbolic spacetimes since even solutions to vacuum Einstein's equations can otherwise fail to be causal [30, 31] . A Cauchy surface plays the role of the set {x 0 = constant} when coordinates are introduced, with x 0 playing the role of time. However, Theorem 1 is formulated with no mention to coordinates because a precise statement of causality in general relativity has to be coordinate free. The causal past of p, J − (p), is the general relativistic analogue of the past light-cone at a point [30, 31] . The conclusion of the theorem says that the values of the fields ε, u α , Π, and g αβ at p are determined only by the the dynamics of such fields in the (causal) past of p. The curvature κ αβ can be thought of as the normal derivative of g αβ along Σ. To understand the role of κ αβ note that, in the most common situation, Σ is a surface where initial data for the EIS system is provided. In this case the metric and its first derivatives have to be prescribed on Σ since Einstein's equations are of second order.
We note that condition ζ τΠ(ε+P +Π) +α 1 + α2 n ε+P +Π ≥ 0 is physically very natural as α 1 + α2 n ε+P equals the speed of sound squared in equilibrium and ζ is in general non-negative.
2.2.
The EIS equations as a FOSH system, existence, and uniqueness. A system of first order partial differential equations for an unknown vector Φ is said to be a FOSH system if it can be written as A µ (Φ)∂ µ Φ + B(Φ) = F , where A µ are matrices and B is a vector, all possibly depending on Φ but not on its derivatives, A µ are symmetric, A 0 is positive definite, and F is a given source term.
Several important properties are readily available for FOSH systems [32] [33] [34] . One such property is that for these systems the initial-value problem admits existence and uniqueness of solutions. Besides assuring a firm theoretical basis for the system, knowing that the equations admit existence and uniqueness of solutions is helpful to ensure the reliability of many numerical schemes; see [35] for examples of the potential pitfalls of simulating equations for which no existence and uniqueness results are available, and [21] for a complementary discussion. While for most of standard physical theories existence and uniqueness of solutions had long been settled [25] , for theories of relativistic fluids with viscosity very few results are available [21, 36, 37] , and none so far for the IS theory in the nonlinear regime.
Equations (2), (3), (4), and (5) can be written as a FOSH system with Φ = (ε, u i , n, Π), a suitable B, F = 0, and A 0 and A k given, respectively, by
. Denote by H s ul the uniformly local Sobolev space (functions whose distributional derivatives up to order s exist and are square-integrable in a partition), and by C s the space of continuously diffentiable functions up to order s [25, 38] . We have: Theorem 2. Let I = (Σ,ε,ů i ,Π,n,g ij ,κ ij ) be an initial data set for the EIS system, with an equation of state P = P (ε, n), a bulk viscosity ζ = ζ(ε, n), and a relaxation time τ Π = τ Π (ε, n). Assume thatε + P (ε,n) +Π, τ Π (ε,n), ζ(ε,n) > 0, ∂P ∂ε (ε,n) + ∂P ∂n (ε,n)n/(ε + P (ε,n) +Π) ≥ 0, and that n, ∂P ∂ε (ε,n), and ∂P ∂n (ε,n) are nonzero. Suppose that
, where s ≥ 3. Suppose that (1) holds for I. Then, there exists a globally hyperbolic development of I.
The formulation of the IS equations as a FOSH system and the proof of Theorem 2 are given in the appendix. Here we make some relevant remarks. An initial data set for the EIS system involves a three-dimensional manifold Σ that plays the analogue of a slice of "constant time" (this is just an analogy since constant time is a coordinate dependent notion). The initial data for the equations of motion along Σ cannot be arbitrary but need to satisfy the constraint equations [30, 31] . Assumptionsε + P (ε,n) +Π, τ Π (ε,n), ζ(ε,n) > 0, and ∂P ∂ε (ε,n) + ∂P ∂n (ε,n)n/(ε + P (ε,n) +Π) ≥ 0 are physically natural (our results are easily adapted to the case when n is absent), while ∂P ∂ε (ε,n), ∂P ∂n (ε,n) = 0 are very mild requirements. Note that these can be viewed as conditions onε andn, with the form of the equation of state remaining rather general. It is well-known that because of the covariance of Einstein's equations only g ij and κ ij , rather than g αβ and κ αβ , are given as initial data [30, 31] . Similarly, only a vector field on Σ, i.e.,ů i rather than u α , is given along Σ, with the full four-velocity on Σ determined from u µ u µ = −1. Since a solution to Einstein's equations is not a set of fields on spacetime but spacetime itself, existence and uniqueness of solutions is properly stated in the context of general relativity as the existence of a globally hyperbolic development. Also, for Einstein's equations, uniqueness is meant in a geometric sense [30, 31] .
The proof of Theorem 2 follows from known arguments once the IS equations are formulated as a FOSH system. The main difficulty to achieve the latter is that there is no method to determine whether a given set of equations can in principle be written as a FOSH system. Here, we relied on the following two ingredients to achieve this. First, computing the characteristics of the system (which is used for establishing the causality of the equations), we find them to be a combination of the flow lines of u α and of null-cones with respect to an acoustical metric. The former is associated with transport equations (which are the prototypical example of a FOSH system); the latter is associated with wave equations (which can be rewritten as FOSH). This suggests that a FOSH formulation might be possible. Second, Eqs. (2), (3), and (5) resemble the equations of an ideal fluid, for which a FOSH formulation is known [39, 40] . This suggests trying to adapt the procedure that works for an ideal fluid. In this regard, it is crucial that the viscous contributions due to bulk viscosity are given by a scalar: if vector (baryon diffusion) or tensor (shear viscosity) viscous contributions are included, the characteristics become very complicated and Eqs. (2), (3), and (5) no longer resemble those of an ideal fluid. It is not clear whether causality (in the nonlinear regime) or a formulation as a FOSH system can be obtained in these cases following the approach pursued here.
Conclusions.
In this paper we proved that the EIS equations for a relativistic fluid with bulk viscosity and nonzero baryon charge (without shear viscosity or baryon diffusion) are causal in the full nonlinear regime. We also proved that these equations admit a FOSH formulation, existence, and uniqueness of solutions. Our results hold under hypothesis typically satisfied by viscous relativistic fluids. In particular, we do not require any symmetry or near-equilibrium assumption. The most immediate application of these results is in the study of neutron star mergers. In this regard, it is crucial that our results hold under general assumptions on the equation of state since the latter is not yet known from first principles.
Given that the IS theory is the most widely used formulation of relativistic viscous fluid dynamics [41] , it is crucial to put it on a firm theoretical (and mathematical) foundation. Combining our results with known properties of the IS equations [9, 11, 12, 17] , the case considered here seems to be the first example in the literature of a theory of relativistic viscous fluids such that (i) causality, local existence, and uniqueness of solutions hold in the nonlinear regime with or without coupling to Einstein's equations; (ii) linear stability around equilibrium holds; (iii) the equations of motion are derivable from microscopic approaches (such as kinetic theory); and (iv) solutions are guaranteed to exist in function spaces (the Sobolev spaces) well-suited for the implementation of numerical codes. (The theory introduced in [21] also satisfies (i)-(iii), but it is applicable only to conformal fluids and its solutions exist on function spaces more restrictive than Sobolev spaces.) This is the first time that all such properties are shown to hold since Eckart's seminal work in 1940 [42] .
With Theorems 1 and 2 settling the basic question of causality and existence of solutions to the EIS system, it is now possible to try to generalize to relativistic viscous fluids key results known to hold for ideal fluids, such as the formation of shocks [43] , global-in-time results [44] , or the problem of accurately describing the fluid-vacuum interface on stars [45] .
These results have two further applications: the hydrodynamic evolution of the quark-gluon plasma formed in heavy ion collisions [46] and cosmology. Current state-of-the-art modeling of quark-gluon plasma dynamics involves solving IS equations taking into account shear and bulk viscosities and, more recently, baryon diffusion [47] . Differently than the case of neutron star mergers [6] , in heavy ion collisions shear and baryon diffusion effects are not negligible though bulk viscosity also plays an important role [48] [49] [50] . In this regard, we note Theorem 2 guarantees existence of solutions even in the presence of cavitation where P + Π ∼ 0 [51, 52] and ε > 0, a phenomenon whose numerical description can be quite challenging [53] . Another application of the EIS system is in cosmology, where the inclusion of bulk viscosity has been widely studied [54] [55] [56] [57] [58] . Indeed, our results do not make any symmetry assumptions, thus allowing the study of cosmological models with viscosity outside the symmetry class of homogeneous and isotropic solutions (e.g. [59, 60] 
Our results open the door for new in-depth studies of fluid dynamics under extreme conditions such as in relativistic turbulent phenomena [61] and neutron star mergers. In particular, the latter is expected to take center stage in the coming years and our causality and existence results, which remain valid in the full nonlinear regime, provide the necessary cornerstone for quantitative studies of non-equilibrium viscous fluid phenomena in strong gravitational fields.
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The system's characteristics are determined by the ξ µ 's such that P (ξ) = 0. Assuming condition (1), we have ε + P + Π = 0, τ Π = 0, and the characteristics are thus determined by u α ξ α = 0 or by the solutions coming from setting the term in square brackets in (7) to zero. The characteristics corresponding to u α ξ α = 0 are simply the flow lines of u α , which are causal as long as u α remains timelike. The characteristics associated with the vanishing of the bracket in (7) are precisely the characteristics of an acoustical metric [43, 62] with an effective sound speed squared given by c The discussion above has not taken into account Einstein's equations (6) . We consider now the full system (2), (3), (4), (5), and (6), and assume that our coordinates about p are wave coordinates [25] , in which case Einstein's equations can be written as
where Z αβ involves only g αβ and its first derivatives. Since T αβ involves no derivatives of Ψ and equations (2), (3), (4), (5) , involve at most one derivative of g αβ (via the Christoffel symbols that have been grouped in the matrix M Γ ), the characteristic determinant of the system is now P(ξ)Q(ξ), where P(ξ) is as above and Q(ξ) = (g µν ξ µ ξ ν ) 10 . Q(ξ) = 0 corresponds to the characteristics associated with the light-cones, hence causal. Standard arguments from general relativity show that the characteristics computed in this fashion are geometric or coordinate independent [31] .
Proof of Theorem 2
We begin showing that equations (2), (3), (4), and (5) can be written as a FOSH system. We use that ∇ α u 0 = − show that A 0 is positive definite. Embed Σ into R × Σ and fix a point p ∈ Σ. We consider Einstein's equations written in wave coordinates in a neighborhood of p, i.e., equation (8) . Without loss of generality we can assume that the coordinates are such that {x i } are coordinates on Σ and that g αβ is the Minkowski metric at p [31] . It has long been known that Einstein's equations can be written as a FOSH system [63] . Indeed, setting Θ = (g αβ , ∂ i g αβ , ∂ 0 g αβ ), (8) 
where 1 10 and 0 10 are the 10 × 10 identity and zero matrices, respectively, and B contains the terms on the right-hand side of (8) . The full system thus reads A µ ∂ µ Ξ + B = 0, where Ξ = (Φ, Θ), B = (B, B), and
The matrices A µ are symmetric and B does not involve any derivative of Ξ. In B we have already eliminated u 0 appearing on the right-hand side of (8) in terms of u i , so that B depends only on Ξ. To see that such elimination is indeed possible, note that at p the normalization u µ u µ = −1 reads (u 0 ) 2 = 1 + δ ij u i u j , and we define u 0 as the positive solution (since u µ is future directed). Below we argue that the fields vary continuously with the spacetime coordinates. Thus, by continuity, the equation u µ u µ = −1 has precisely two solutions u 0 in a neighborhood of p, one, and only one, of which determines a future pointing vector.
Since A 0 is known to be positive definite [63] , to conclude that A 0 is positive definite it suffices to analyze A 0 . We do this by verifying that all the leading principal minors of A 0 are positive. The 5×5 upper left part of A 0 has all minors positive, since it corresponds to the ideal fluid which is already known to form a symmetric hyperbolic system for (ε, u i , n). It remains to compute the determinant of A 0 . For this, we first compute det A 0 at p, in which case u µ = 1/ √ 1 − v 2 (−1, v) (recall that g αβ is the Minkowski metric at p). Then but this later condition is the same as (1). Because the fields are continuous functions of the spacetime coordinates, we conclude that det A 0 > 0 will also hold in a neighborhood of p.
In order to invoke theorems of hyperbolic differential equations to establish Theorem 2, we need to check that the system is FOSH when the fields take the initial data (the solution Ξ has yet to be shown to exist; the only fields at our disposal at this point are coming from the initial data). But this is immediate since A and B do not depend on derivatives of Ξ and the foregoing conditions hold for the initial data by hypothesis. Furthermore, the continuity required for the foregoing arguments is true because functions in H s are in particular continuous when s ≥ 3 in view of the standard Sobolev embedding theorem [64] . By standard existence and uniqueness theorems for FOSH systems [25, 65] we obtain a solution in a neighborhood of p. It is known that a solution to Einstein's equations in wave coordinates yields a solution to the full Einstein equations if and only if the constraints are satisfied, which is the case by hypothesis. Moreover, defining u 0 via the relation u µ u µ = −1 (which uniquely defines u 0 in a neighborhood of p, as above) and working backwards, we see that the original equations (2), (3), (4), (5), and (6) are satisfied in a neighborhood of p. Finally, a solution valid in a neighborhood of Σ is obtained by a standard argument of constructing solutions as above in the neighborhood of different points p and gluing them via diffeomorphisms [31] . Standard properties of Einstein's equations give the existence of the desired globally hyperbolic development [25] .
